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Large DNA constructs can be synthesized from smaller oligonucleotides using the
polymerase chain reaction. The set of oligonucleotides should be designed so that the
melting temperature amongst oligonucleotide hybridization pairs do not vary greatly
and the length of each oligonucleotide should not exceed 50 nucleotides. A near optimal
oligonucleotide set is calculated using reliable gradient optimization methods. This was
accomplished by defining a set of discrete arrays that is used to determine the melting
temperature of a subset of the larger DNA sequence, depending on the subset start and
end positions. These arrays were then incorporated into an objective function, which
was optimized using the Broyden-Fletcher-Goldfarb-Shanno method. This method is
adjusted slightly to incorporate explicit length and temperature constraints. Experimental
results confirmed that the method performs better than similar software programs for the
cases investigated and produces suitable oligonucleotide sets for DNA assembly. VVC 2010
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Introduction

DNA molecules from 100 to 1000 bp in length can be de
novo synthesized using the polymerase chain reaction
(PCR). The DNA constructs are assembled from smaller oli-
gonucleotides (single-stranded DNA molecules, typically
with a length of up to 50 nucleotides), which overlap to
form the complete DNA sequence. These are then extended
by a polymerase enzyme. The cycle is repeated until the
full-length product has been formed. This method has come
to be known as polymerase chain assembly (PCA).1

The main difficulty in DNA synthesis is in designing the
set of oligonucleotides so that certain criteria are met:
• the melting temperatures of each oligonucleotide hybrid-

ization pair must not vary greatly;

• the length of each oligonucleotide must not exceed
50 bp to reduce synthesis errors and associated purification
costs; and
• oligonucleotides must bond to specific sites to prevent

incorrect assembly—in other words, each oligonucleotide
must be dissimilar from all others.

Many open-access software packages currently exist to
optimize the oligonucleotide set to be used in the assembly
of a larger DNA construct.2–4 These software packages gen-
erally use combinatorial optimization techniques. Conver-
gence is slow and there is no guarantee that the optimum
will be reached. Most of these software packages do not
incorporate the effects of monovalent salt and magnesium
concentrations present in the process, further limiting the ac-
curacy of predicted melting temperatures.

To make use of reliable gradient optimization methods, an
objective function can be derived from the DNA sequence to
be synthesized. The objective function presented here is cal-
culated from a predetermined set of discrete arrays. Deriva-
tives can be approximated using the central difference
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operator. The objective function can be optimized using the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) method.5

Background

Sequence melting temperature

The melting temperature of DNA is usually understood to
be the temperature at which 50% of the DNA molecules are
single stranded and 50% are double stranded. The melting
temperature can be estimated using thermodynamic data. This
estimation involves using the nearest neighbor parameters6

and several other correction factors for oligonucleotide, salt,
and magnesium concentrations.7–9 This method is used by the
Integrated DNA Technologies website www.idtdna.com.10,11

The melting temperature is calculated using Eqs. 1–5:

Tm ¼ DH0

R lnðC=2Þ þ DS
(1)

DH0 ¼ DH1
l þ RN�1

k¼1 DH
k
NN þ DHN

l (2)

DG0 ¼ DG1
1 þ RN�1

k¼1 DG
k
NN þ DGN

1 þ DGsym (3)

DG ¼ DG0 � 310:15K � DH0fcorr (4)

DS ¼ DH0 � DG
310:15 K

(5)

The symbols retain their standard thermodynamic interpre-
tation. The subscript NN indicates ‘‘nearest neighbor’’ en-
thalpy and Gibbs free energy, whereas I indicates ‘‘initial.’’
The superscript indicates the nucleotide position. The integer
N is the sequence length (in nucleotides). fcorr is a correction
factor to include the effects of magnesium, monovalent salts,
and GC content on the Gibbs free energy.7 C is the oligonu-
cleotide concentration (of each oligonucleotide type, assum-
ing they are in equal concentration) in moles per liter.

DNA sequence assembly from oligonucleotides

DNA sequences are assembled using PCA in much the
same way as they are copied using the conventional PCR for
template amplification. The process consists of three steps,
namely denaturation, annealing, and elongation.1 The tempera-
ture at which the annealing step takes place is critical, espe-
cially during PCA (see Figure 1). It is very important that the
melting temperature of each overlap (A:B, B:C, and C:D) is
not lower than the PCA protocol’s annealing temperature to
ensure that annealing takes place throughout the sequence.

Furthermore, it is important that the possibility of incor-
rect annealing (i.e., A annealing to D instead of C annealing
to D) is prevented by ensuring that the sequences of A and
C are very dissimilar. If this is the case, the temperature at
which A will anneal to D will be much lower than the
annealing temperature prescribed by the PCA protocol.

One way of preventing similarity in sequences is to avoid
using large oligonucleotides. This decreases the chances of
similar sequences occurring on different oligonucleotides
that may cause incorrect annealing. Very large oligonucleo-
tides ([50 nucleotides) are also much more expensive due
to purification costs.

The BFGS method

The BFGS method is a well-known iterative optimization
technique for continuous differentiable functions.5 It is
essentially a line search technique, defined by Eq. 6:

DðkÞðxðkþ1Þ � xðkÞÞ ¼ �tkrf ðxðkÞÞ (6)

The matrix D(k) must be positive definite and updated with
each iteration. This guarantees convergence if tk is chosen
according to a set of criteria known as Wolfe’s conditions.

It is important to note that the BFGS method is an uncon-
strained optimization method. However, constraints can be
implemented relatively simply. If the current vector xðkÞ sat-
isfies any set of explicit constraints, then the next vector
xðkþ1Þ will satisfy the constraints as well if tk is small
enough. Each iteration will start by guessing a large value
for tk and decreasing this value until all conditions (Wolfe’s
conditions and explicit constraints) are met.

Calculations

Rewriting a sequence as a mathematical function

For a given DNA sequence, it is desirable to predict the
melting temperature of a specific subset of the sequence. For
instance, given the sequence shown in the first column of
Table 1 and knowing parameters such as the salt and magne-
sium concentrations, one can determine the melting point of
any smaller piece of the sequence, given the start and end

Figure 1. Oligonucleotides A, B, C, and D (with varying
lengths) form a DNA sequence.

Each overlap A:B, B:C, and C:D has a unique melting tem-
perature.
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points of each piece (x1 and x2). Therefore, once all ‘‘exter-
nal’’ parameters are fixed, the melting temperature of a sub-
set of a sequence is a function of only the start and end
points of that sequence. The sequences in column four of
Table 1 are subsets of the sequence in column one, starting
at the position indicated by x1 and ending at the position x2.

Given any sequence, the melting temperature can be cal-
culated from Eqs. 1–5. Let us first create an array named
HI(x) (7):

HlðxÞ ¼
0:42 kJ

mol
x ! G=C

9:63 kJ
mol

x ! A=T

8<
: (7)

The value of HI(x) depends solely on whether the
sequence has a G/C or A/T base pair at position x where
x 2 N; x � Nf g and N is the total number of base pairs in
the sequence.6 This is shown in Figure 2 for the total
sequence in Table 1. The same can be done to determine
DGI.

To determine the enthalpies contributed by the sets
of nearest neighbors, we set up a similar array, named
HNN(x) (8):

HNNðxÞ ¼ 0 x ¼ 1

Rx
k¼2DH

k
NN x � 2

�
(8)

Notice that HNN(x) is the sum of all the nearest neighbor
pairs up to x. We can therefore determine the nearest neigh-
bor enthalpies between x1 and x2 by subtracting HNN(x1)
from HNN(x2). Again, the same can be done to determine
RDGNN. This is shown in Figure 3.

Look at the sequence shown in Table 1 as an example.
The total enthalpy of the subset from position 5 to 15
(GGCAAGCTCTT) must be determined (9):

DH0ðx1; x2Þ ¼ DHx1
l þ Rx2

k¼x1
DHk

NN þ DHx2
l

[ DH0ð5; 15Þ ¼ Hlð5Þ þHNNð15Þ �HNNð5Þ þHlð15Þ
[ DH0ð5; 15Þ ¼ 0:42

kJ

mol
� 451:78

kJ

mol
þ 101:74

kJ

mol

þ 9:63
kJ

mol
¼ �339:99

kJ

mol
(9)

The Gibbs free energy can be calculated in exactly the
same way.

As mentioned above, the salt correction function, fcorr, is a
function of the salt concentration, magnesium concentration,
GC content, and sequence length. The salt and magnesium
concentrations are independent of the subset positions x1 and
x2. The sequence length is NBP ¼ x2 � x1 þ 1. The frac-
tional GC content can easily be calculated in the exact same
way as the nearest neighbor enthalpies. Let GC(x) be defined
by Eq. 10:

GCðxÞ ¼ Rx
k¼1 gcðkÞ

gcðkÞ ¼ 1 k ! G=C

0 k ! A=T

�
(10)

GC(x) gives the total amount of G/C base pairs from 0 to
x. The fractional GC content of a sequence can be deter-
mined by Eq. 11:

fGCðx1; x2Þ ¼ GCðx2Þ �GCðx1 � 1Þ
x2 � x1 þ 1

(11)

Five arrays have been defined in terms of x: HI(x);
HNN(x); GI(x); GNN(x); and GC(x). These five arrays can
be substituted into Eqs. 1–5, 11 to determine the melting

Figure 2. The initiation enthalpy is represented as HI(x).

Figure 3. The nearest neighbor enthalpies are repre-
sented as HNN(x).

The dashed lines show that HNNð5Þ ¼ �101:74 kJ=mol and
HNNð15Þ ¼ �451:78 kJ=mol.

Table 1. Example Sequence and Sequence Subsets with Corresponding Melting Temperature in a Typical Solution

Sequence x1 x2 Subset Tm (�C)

50-CCAGGGCAAGCTCTTCCGAGGCGCCAAGTCCTACACTTTT-30 5 15 50-GGCAAGCTCTT-30 51
20 38 50-GGCGCCAAGTCCTACACTT-30 68
12 25 50-TCTTCCGAGGCGCC-30 65
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temperature of a subset of a predefined sequence. The melt-
ing temperature of this subset is therefore only a function of
x1 and x2.

The five defined arrays are discrete, which means that
they are not differentiable. We will, however, define deriva-
tives using the central difference method as follows (12):

@wðxÞ
@x

� wðxþ 1Þ � wðx� 1Þ
2

(12)

where W is any one of the arrays listed above. As each array
has a weak derivative in terms of x, the derivative of the
melting temperature of the subset defined by x1 and x2 exists in
terms of x1 and x2 by the chain rule. However, x can only have
integer values ranging from 1 to N, where N is the total number
of base pairs in the sequence.

Optimization of the oligonucleotide set

A DNA sequence of total length N can be divided into n
overlaps. These overlaps can be defined by a [(n � 1) � 1]
vector x such that overlap 1 ranges from position 1 to posi-
tion x1 � 1, overlap 2 from x1 to x2 � 1, etc., until the nth
overlap ranging from position xn�1 to N. Each overlap has a
melting temperature Ti. Each oligonucleotide consists of two
overlaps, thus, the length of each oligonucleotide can be cal-
culated by Eq. 13. The size of each element in vector Li is
the difference between two components of the position vec-
tor xi. This is illustrated in Figure 4.

Li ¼
xi � 1 i ¼ 1; 2

xi � xi�2 3 � i � n� 1

N � xi�2 þ 1 i ¼ n; nþ 1

8<
: (13)

The optimal oligonucleotide set will be chosen such that:
• The overlap melting temperature variance is minimized.
• The oligonucleotide lengths are constrained and mini-

mized.
This can be realized by optimizing the following objective

function (14):

OðxÞ ¼ W1½Rn�1
i¼1 ðTave � TiÞP1 � þW2½Rn

i¼2ðexpðLiÞÞP2 � (14)

The parameters Wi and Pi are weights used to fine tune
the objective function. The first term in the objective func-
tion represents the melting temperature variance if P1 ¼ 2.

By increasing the value of P1, the objective function will pe-
nalize temperature outliers more severely. The second term
in the objective function minimizes the oligonucleotide
length, as an increase in the length directly increases the cost.
It was found that a value of P2 ¼ 2

Lmax
provides the algorithm

with enough flexibility for the oligonucleotide length to vary
within the length constraints (15), while the value of the sec-
ond term increases drastically if Li [ Lmax.

0\ Lmin \ Li \ Lmax (15)

where Lmin is the minimum oligonucleotide length and Lmax

the maximum length. The summation for each term ensures
that only the relevant melting temperatures and oligonucleo-
tide lengths are taken into account (as explained below).

To determine the initial guess, xð0Þ, an initial annealing
temperature T0 is selected. Starting with the first overlap, x1
is increased until T1 ¼ Tm(1, x1) [ T0 or L1 ¼ Lmax. The
second overlap temperature is then selected by increasing x2 in
the same way, until Tm(x1, x2)[ T0 or L2 ¼ Lmax. This proce-
dure is repeated until the entire vector xð0Þ has been specified.

Since the BFGS method is a line search method and the
initial vector xð0Þ meets the constraints, the optimization step
size can be decreased until the next step xð1Þ (and subsequent
steps) are within the constraints.

The gradient of the variances exists for integer values of x
and can be found using the chain rule. As the gradient exists,
the BFGS method can be used to optimize the objective
function.

In Figure 4, the vector x has four elements, indicating the
positions between x1 through x4 (not including the beginning,
1, and the end, N).

It is evident that L1 and Lnþ1 will always be smaller than
the other lengths. Furthermore, Tn will usually be lower than
the other temperatures. To compensate for this, L1, Lnþ1, and
Tn are not included in the calculation of the objective func-
tion (14). After optimization, Tn can be adjusted by adding
additional base pairs to the final two oligonucleotides. This
will extend the total DNA sequence slightly but should have
no effect on the actual functionality.

It is also important that the vector x has only integer ele-
ments. This is easily accomplished by merely rounding off
to the nearest integer during BFGS optimization.

To begin the optimization sequence, an initial matrix D(0)

must be chosen. The Hessian of the objective function is
very difficult to compute, therefore Eq. 16 is used:

Figure 4. The numbering of overlap temperatures and oligonucleotide lengths are shown above for n 5 5.

Notice that L1 and L6 are necessarily smaller than the other lengths, and the value of T5 will be lower than the other temperatures due to
the shorter length.
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Dð0Þ ¼ rOðxÞ � rOðxÞ þmaxðjkjÞ (16)

where k is a vector containing the eigenvalues of
rOðxÞ � rOðxÞ and � signifies the outer product of the
two vectors. Equation 16 ensures that D(0) has the right
dimensions and is positive definite. All calculations were done
using GNU Octave v. 3.2.3.12

Materials and Methods

The methods described above were used to optimize the
oligonucleotide set for two DNA sequences of length 550
and 1416 bp. The sequences used were a subset of an rpoB
gene (550 bp) and a custom chimeric gene (1416 bp) con-
sisting of protein-C receptor and thrombomodulin domains.
Both DNA constructs are based on genes found in nature
and pertinent to other research conducted in our laboratory.

The PCA reaction was carried out as described in litera-
ture.13 The oligonucleotide sets for the rpoB and chimeric

genes (as calculated using the BFGS method) were assembled
experimentally. A different oligonucleotide design tool (Gen-
e2Oligo2) was used to find an oligonucleotide set for the syn-
thesis of the rpoB gene. This set was also assembled experi-
mentally for comparison. All three of these oligonucleotide sets
were purchased from Integrated DNA Technologies (Coralville,
IA). For the rpoB gene, the BFGS method prescribed a set of
33 oligonucleotides and the Gene2Oligo tool 44 oligonucleo-
tides, whereas the BFGS method prescribed a set of 78 oligo-
nucleotides for the chimeric gene. The rpoB gene was
assembled using three different annealing temperatures, 58, 60,
and 62�C to determine how much this affects the assembly.

A PCRJet
VR

thermocycler (Megabase Research Products,
Lincoln, NE) was used to conduct the PCA reaction as well
as the PCR amplification of the assembled product, using a
reaction volume of 25 lL. The reaction mixtures and ther-
mocycler protocols used are summarized in Table 2. Internal
primers were used for the rpoB amplification, resulting in a
product of length 450 bp.

Table 2. Reaction Mixtures and Thermocycler Protocols Used in the Assembly of the rpoB and Chimeric Gene
Oligonucleotide Sets (PCA) and Amplification of the Resulting Product (PCR)

rpoB Chimera

PCA PCR PCA PCR

Reactions mixture
Each dNTP (lmol/L) 200 200 200 200
MgSO4 (mmol/L) 4 4 5 5
Nonacetylated BSA (lg/mL) 400 400 400 400
KOD hot-start polymerase (units) 0.5 0.5 0.5 0.5
Manufacturers polymerase buffer 1� 1� 1� 1�
Each oligonucleotide (nmol/L) 100 – 25 –
Primers (lmol/L) – 0.2 – 0.7
PCA product (lL) – 0.5 – 2

Thermocycler protocol
Hot start 30 s at 94�C 30 s at 94�C 30 s at 94�C 30 s at 94�C
Cycles 30� 30� 30� 35�
Denaturing 2 s at 94�C 2 s at 94�C 2 s at 94�C 2 s at 94�C
Annealing 10 s at 58/60/62�C 3 s at 62�C 10 s at 56�C 3 s at 58�C
Elongation 10 s at 72�C 6 s at 72�C 10 s at 72�C 10 s at 72�C

Final elongation 25 s at 72�C 25 s at 72�C 25 s at 72�C 25 s at 72�C

Figure 5. Gel electrophoreses results showing: A: the assembled 1416 bp chimera gene (1) alongside a 1 kbp DNA
ladder (L): it is clear that the PCA process produced a construct of correct length, as is evident from the
extremely bright product lane; B: 100 bp DNA ladder (L), the assembled and amplified 450 bp rpoB
sequence using oligonucleotides prescribed by the BFGS method (1–3) and the same sequence using
Gene2Oligo2 (4–6).

The oligonucleotide set prescribed by the BFGS method assembled correctly—it is clear that the other set assembled two smaller fragments.
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The PCR products were mixed with 5 lL 6� loading dye
(New England Biolabs, Ipswich, MA). For the rpoB construct,
5 lL of this mixture was used to verify the product using gel
electrophoreses. A 1% agarose gel, stained using GelRed
(Biotium, Hayward, CA), was used. The same was done for
the chimeric construct, however, 12 lL of the PCR product/
loading dye mixture was used and the gel was stained using
ethidium bromide. DNA ladders purchased from New Eng-
land Biolabs (Ipswich, MA) were used as markers.

Results

The gel electrophoreses results showing the assembled
chimera (1416 bp) and rpoB gene (450 bp after PCR) are
shown in Figure 5.

The oligonucleotide set produced for the chimera
sequence proved that the BFGS method produces a set suita-

ble for assembly (Figure 6). The gel electrophoreses results
proves that the gene assembled correctly (Figure 5A). The
rpoB sequence shows that better results can be obtained
using this method than using older software (Figure 7)—this
is clearly seen by comparing the gel electrophoreses results
(Figure 5B) obtained when using the oligonucleotide set pre-
scribed by the BFGS method and Gene2Oligo.2 The rpoB
sequence, while short, proves difficult to assemble due to
distinct stretches of GC-rich DNA. The BFGS method can
accommodate these subsets as it uses the latest salt-correc-
tion factors.

The oligonucleotide set required to assemble a plasmid
gene subset (6890 bp) was also calculated, although not
experimentally assembled. The BFGS method was compared

Figure 6. Overlap melting temperature for chimera
sequence (1416 bp), showing that melting
temperature varies between 56 and 63�C.

Figure 7. Overlap melting temperature for the rpoB
sequence (550 bp) as predicted by the BFGS
method, Gene2Oligo,2 and TmPrime.4

It is clear that the BFGS method prescribes higher tempera-
tures than the other methods—this may be due to added salt
correction and minimum overlap length constraints.

Figure 8. Overlap melting temperature for plasmid
sequence (6890 bp) using the oligonucleotide
sets prescribed by the unconstrained BFGS
method and TmPrime.4

Clearly, TmPrime gives better results. However, the fact
that no constraints may be applied poses additional
problems.

Figure 9. Overlap melting temperature for plasmid
sequence (6890 bp) using the oligonucleotide
sets prescribed by the unconstrained and
constrained BFGS method.

Constraining the problem increases the melting temperature
variance, as would be expected.
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with the latest freely available oligonucleotide optimization
software, TmPrime.4 Figure 8 shows that the results obtained
by the BFGS method and the other tool4 are comparable
when oligonucleotide lengths are unconstrained. However,
this tool does not allow for any oligonucleotide length con-
straints. The BFGS method provides a second, workable oli-
gonucleotide set under the constraint Lmax \ 60 bp, as
shown in Figure 9.

Clearly, the melting temperature can be confined to a
range of 	4�C if the outliers are excluded. This becomes
more difficult as the length of the sequence increases.

It is noteworthy to point out the speed of calculation. The
oligonucleotide set for the plasmid ([5000 bp) was com-
puted in less than 10 s (using a Dell laptop with a 1.83 GHz
Intel

VR
Centrino

VR
Duo core). Other methods report times of

\4 min for similarly sized sequences.4

Conclusions

It was shown that the BFGS optimization routine could be
used to determine a near optimal set of oligonucleotides to be
used in the assembly of longer DNA constructs. The method
predicts similar if not superior sets than other software pro-
grams but with markedly decreased computation times.

No conclusions were reached about the optimality of the
solution produced. Given different initial conditions, slightly
different results were obtained. The main problem is that dif-
ferent initial conditions separate the sequence into a different
number of overlaps. This effectively changes the dimension-
ality of the problem. However, as an engineering application
the focus does not lie on achieving a true optimum in this
case—rather in reaching a workable solution with minimal
computation time. Furthermore, due to the rapid computation
time, users can select different initial conditions and com-
pare results in quick succession.
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